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1. Introduction 
In this note we consider some problems concerning rigidity of Einstein metrics. The well-known 
Mostow rigidity theorem states that if (VI, hi) and (V2, h2) are two compact irreducible locally 
symmetric spaces of nonpositive sectional curvature with dimension bigger than two and Vol VI = 
Vol V2, then rG (Vl) ~ zr2(V2) implies that (I/'1, hi) is isometric to (V2, h2) [15]. Here irreducible 
means that the metric is locally not a nontrivial product. Gromov has shown that if the rank of 
(V1, hi) is bigger than one, then the same conclusion holds without he assumption that (V2, h2) 
is locally symmetric [2]. This is not true for rank one locally symmetric spaces. For example, one 
can always deform a real hyperbolic metric slightly to keep the sectional curvature nonpositive. 
In the hyperbolic ase, (V2, h2) needs to be locally symmetric in order to get the conclusion. 
However, in the quaternionic and Cayley hyperbolic ases, one can replace the assumption that 
(V2, h2) is locally symmetric by a condition that he complexified sectional curvature of ( V2, h2) is 
nonpositive [ 14]. Note that in the hyperbolic ase, one can drop the condition that Vol V1 = Vol V2, 
because the sectional curvature is equal to the constant negative one. 
It is natural to ask: can one replace the geometric condition "locally symmetric" in the Mostow 
rigidity theorem by some other geometric onditions? As irreducible locally symmetric spaces 
are always Einstein, it is reasonable to ask the following problem: Let (M1, gl) be a compact 
irreducible locally symmetric space and (M2, gz) be an Einstein manifold ofnonpositive sectional 
curvature, having the same dimension as N, if zG (M1) ~ zG (M2) and Vol Mt = Vol M2, is it true 
that (M1, gl) is isometric to (M2, g2)? Since locally symmetric means that the curvature tensor 
is parallel and the Einstein condition implies that the Ricci tensor is parallel, the above question 
is a generalization of the question addressed in the Mostow rigidity theorem. 
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By a result of Gromov [2], this question is resolved if (M1, gl) has rank bigger than or equal 
to two--one does not even need the Einstein condition. What seems unknown is when (M1, gl) 
is a rank one locally symmetric space of noncompact type. The list of rank one globally sym- 
metric spaces of noncompact type consists of real hyperbolic space, complex hyperbolic space, 
quaternionic hyperbolic space and Cayley hyperbolic space. The sectional curvatures are strictly 
negative in all the cases. And in the complex case, it is known that any two K~ihler Einstein met- 
rics (with negative Einstein constants) on a compact complex manifold are homothetic to each 
other. In this note, we will only restrict ourselves to the case when (Ml, gl) is a rank one locally 
symmetric space, or more generally, a manifold of strictly negative sectional curvature. 
There is a more general rigidity problem than what we have considered. The problem asks 
whether two compact irreducible Einstein manifolds (M1, gl) and (/1'/2, g2) with nonpositive 
sectional curvature is isometric (up to a constant) if Jrl (M) ----- aq (N). The dimensions of M1 
and M2 are assumed to be the same and are bigger than two. This rigidity problem can also 
be considered as a uniqueness statement in some sort of uniformization problem, as it is well 
known in complex geometry. Although there is no simple uniformization theorem for dimensions 
bigger than two, it is hoped that under some curvature assumptions, for example, the sectional 
curvature of a manifold has a definite sign, one can construct a "nice" metric on such a compact 
manifold. Some natural candidates for nice metrics are metrics of constant sectional curvature, 
locally symmetric metrics and Einstein metrics. 
For dimension bigger than three, Gromov and Thurston [11] have constructed a collection 
of compact manifolds uch that each manifold admits a metric of pinched negative sectional 
curvature but does not admit a real hyperbolic metric on it. In dimension five, these manifolds 
also do not admit an irreducible locally symmetric metric on them. For if such an irreducible 
locally symmetric metric exists on one of these manifolds, then the rank should be at least two 
(the rank one cases are excluded because it cannot carry a real hyperbolic metric and for the 
simple dimension reason, it cannot carry a complex, quatemionic or Cayley structure). But if 
the manifold admits a metric of pinched negative sectional curvature, then the rank cannot be 
more than one [ 1 ]. It has been a question whether such a manifold admits an Einstein metric. In 
general, let (M, g) be an irreducible compact manifold of nonpositive curvature, is it possible 
that M admits an Einstein metric of nonpostive sectional curvature? If so, then whether such an 
Einstein metric is unique (up to an isometry or a scaling factor). The above rigidity problem could 
be considered as the uniqueness statement of the existence question. 
Previous to the examples of Gromov and Thurston, Mostow and Siu [16] had produced an 
example of a compact Kithler surface with negative sectional curvature whose universal covering 
is not biholomorphic to the open 2-ball. Hence this Kahler surface does not admit a complex 
hyperbolic metric. Due to a result of Yang [19], the I~hler surface also cannot admit a locally 
symmetric metric of higher ank. These surfaces admit Kiihler Einstein metrics, as follows from 
the resolution of the Calabi conjecture. 
Let (M, g) be a compact Einstein n-manifold with negative sectional curvature such that 
Ric(g) = - (n  - 1)g and n /> 3. It is known that (M, g) is locally rigid as an Einstein metric, 
i.e., in a small neighborhood of g there is no other Einstein metric [ 13]. Since Einstein metrics 
are real analytic, we cannot deform g to another Einstein metric while keeping g unchanged 
on an open set. We also cannot conformally deform g to another Einstein metric g' such that 
Ric(g') = -- (n -  1) g', because both of them will have constant scalar curvature equal to --n (n -  1) 
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and that in the conformal class there is just one such metric. While the rigidity problem remains 
open, we are able to obtain a finiteness result. 
Theorem 1. For n = 4, let (N, h) be a compact manifold of negative sectional curvature. 
Then there exist at most finite number of nonisometric Einstein manifolds (M, g) such that 
Ric(g) = -3g ,  zq (M) -~ 7rl (N), and the sectional curvature of (M, g) is nonpositve and nega- 
tive at some point. 
In particular, the compact manifold N can admit, up to isometrics, only finite number of Einstein 
metrics with Einstein constant -3  and whose sectional curvature is nonpositive and negative at 
some point. It seems that he restriction to n = 4 is not necessary if there is a uniform upper bound 
on the volumes of Einstein metrics on M (Einstein constant equal to - (n  - l)) with nonpositive 
sectional curvature. We will discuss this point in Section 2. 
To state the next result, we note that, for an Einstein metric g, the Weyl tensor is given by: 
Wijkl : Rijkl -- (g i lg jk  -- gikgjt), (1.1) 
where ei jk l  are the components of the curvature tensor. Thus the Weyl tensor in the present 
situation measures the deviation of g from a metric of constant negative curvature. In particular, if
W -- 0, then g is a real hyperbolic metric. Gromov and Thurston have shown that, for any integer 
n ~> 4 and any positive constant 6, there exists a compact Riemannian -manifold (V, g) such 
that the sectional curvature K(g) satisfies 
--1 ~ K(g) ~> -1  - -6  2, (1.2) 
and that the manifold V does not admit a real hyperbolic metric [11]. If the manifold is Einstein 
and homotopically equivalent to a compact hyperbolic manifold, then we have the following. 
Theorem 2. For any even integer n >~ 3, let (N, h) be a compact hyperbolic n-manifold and 
(M, g) be an Einstein n-manifold of nonpositive curvature, with Ric(g) = - (n  - 1)g. Suppose 
that ~r l ( M ) -~ zq ( N ). There exists a constant E > 0 such that if the Weft tensor of(M, g) satisfies 
IWI <~ e, then (M, g) is isometric to (N, h). In dimension six, ~ can be taken to be (10.65) -1. 
As for an Einstein manifold, the pinching condition (1.2) on the sectional curvatures would 
imply that IW[ is small i f6 is small. 
Recently, Besson, Courtois and Gallot [5, 6] have resolved a rigidity problem for dimension 
four. Their results how that if (N, h) is a compact hyperbolic 4-manifold and (M, g) is an Einstein 
4-manifold of nonpositive sectional curvature such that Ric(g) = -3  g and zq (M) -- 7rl (N), then 
(N, h) is isometric to (M, g). Applying their minimal volume theorem, we show the following 
result on volume pinching. 
Theorem 3. For n >~ 3, let ( N, h) be a compact hyperbolic n-manifold. Then there exists a 
positive constant S such that for any compact n-manifold M with 7rl (M) ~- zq (N) and any 
Einstein metric g on M (i.e., Ric(g) = - (n  - 1)g) with nonpositive sectional curvature, if 
[Vol (M, g) - Vol (N, h)l <. 6, then (M, g) is isometric to (N, h). 
We also consider the conjecture in [6] regarding spectral rigidity of compact locally symmetric 
spaces of negative sectional curvature. The conjecture is that: if (N, h) is a compact locally 
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symmetric space of negative sectional curvature and (M, g) is a compact Riemannian manifold 
which is isospectral to (N, h), suppose also that the dimension is bigger than 2 and there exists 
a continuous map from M to N of degree bigger than zero, then (M, g) is isometric to (N, h). 
Previous results how that no compact surface of negative curvature admits a nontrivial isospectral 
deformation [ 12] and in dimension three, the set of all conformally equivalent isospectral metrics 
of a compact Riemannian manifold with negative scalar curvature is compact [7]. Let (M, g) be 
a compact locally conformally fiat Riemannian 4-manifold. 
Theorem 4. Let ( N, h) be a compact locally symmetric 4-manifold with negative sectional cur- 
vature. Suppose that M is homotopically equivalent to N. If(M, g) has the same first three terms 
in the heat kernel expansion as (N, h), i.e., Vol (N, h) = Vol (M, g), flu SodVh = fM S dVg, 
fN(6lRico[ 2 + 31So12) dVn -+- 647r2X (N)  = fM(6lRicl 2 + 3IS[ 2) dVg + 64Jr2x (M), then (M, g) 
is isometric to ( N, h ). 
2. Gauss-Bonnet formula and volume estimates 
Let (M, g) be a compact Einstein manifold of dimension such that Ric(g) = Cg, where 
Ric(g) is the Ricci tensor of (M, g) and C is a constant. In this note we consider those Einstein 
manifolds with negative C. The constant can be changed into any negative constant because 
Ric(cg) = Ric(g) for any constant c > 0. Throughout this note we fix the constant C to be 
- (n  - 1) so that Ric(g) = - (n  - 1)g. We denote by R, W, Ric and S the curvature tensor, 
Weyl tensor, Ricci tensor and scalar curvature of (M, g), respectively. Let (N, h) be a compact 
hyperbolic n-manifold, i.e., R(h) i j la  = - (h i~h j t  - h i lh jk ) ,  where R(h) is the curvature tensor 
of (N, h) and 1 ~< i, j ,  k, l ~< n. Suppose that (M, g) has nonpositive sectional curvature and 
rq (M) ~ Zrl (N), then M is homotopically equivalent to N. In particular X(M) = X (N), where 
X (M) and X (N) are the Euler characteristic of M and N, respectively. In dimension four, the 
Gauss-Bonnet formula is very simple [3,4]: 
where 
x(M) = ~ fM (]UI2- IZ[2+ [Wl2)dVg, 
S 
Uijkl - -  (g ikgj l  -- g i lg jk ) ,  
n(n -- 1) 
1 
Zi jk l  - -  n- -  2 (z i tg f l  + z j lg ik  -- Zi lgjk -- Zjkgi l )  
and z is the trace-free Ricci tensor given by 
S 
Zi j  = Ricij -- ng i j .  
A direct computation shows that 
[U[ 2 -- 2S2 and [ZI 2 - 4(n - 2) 2 
n(n -  l) ~-~72~ z . 
(2.1) 
(2.2) 
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For an Einstein manifold, Z -- 0 and for a hyperbolic manifold, the Weyl tensor also vanishes. 
Therefore we have, for n = 4, 
~-sVol (g ,  h) = x(N)  = x(M)  = ~-sVol (M, g) + IW(g)12dgg. 
It follows that Vol (M, g) is bounded from above by a constant that depends on ;((M) only. More 
generally we have the following. 
Lemma 2.3. Let M be a compact 4-manifold. Let a > 0 and 1 ~< tc < 1 -t- 4/3~/3 be given 
constants. Then there exists a constant C' > O, which depends on a, tc and X (M) only, such that 
for any Riemannian metric g on M with Ricci curvature bounded between -xa  2 and -a  2, we 
have VoI(M, g) <~ C'. 
Proof. Given a Riemannian metric g on M with Ricci curvature bounded between -xa  2 and 
-a  2. In the following argument, all curvature tensors are with respect o the metric g. Given a 
point p 6 M, one may choose an orthonormal basis {el, e2, e3, e4} for Tp(M) such that gij = 3 i j  
and Ricij = --)~i 3ij at the point p. By assumption, tea 2 >/ ),i ~> a 2 for i = 1, 2, 3, 4. We have 
zij = Ricij-- ~l Sgq = - (~, i -~- l s )3 i j  andthe scalar curvature isgivenby S = -(~1-31-~,2-4-/~,3--~,4). 
At the point p we have 
IUI 2 _ iZl z = 1 g0~l + ~-2 + ;~3 + ~-4) 2
~6 1[(/~'2 - -  ~'1) "q- (~'3 - -  )~1) .aft (~'4 - -  ~'1)1 z
"4- [(~'1 - -  ~'2) "~- (/~'3 - -  ~'2) "a t- (X4 - -  ~'2)] 2 
31- [()~1 - -  ~'3) "q- (/~'2 - -  X3) "~ (~-4 - -  X3)] 2 
"1- [ (Z l  - -  ~'4) "4- (~-2 - -  ~-4) "3 t- (~-3 - -  ~'4)]  2 } 
>/ ~.6a 4 _ 2 .4 -  [3(K - -  1)a2] 2 >/ cta 4, 
where c' -616 2.4.32 : ]'~" I K - -  1) 2 >0i fx  < 1 + 4/3~,/~. From (2.1) we obtain 
1 fM c/a4 x(M)>~ ~ 2 (c'a4+lWI2)dVg>>- ~2Vo l (M,g) .  [] 
For higher dimensions, we have the following result. 
Lemma 2.4. For any even integer n >~ 4, let M be a compact n-manifold with X ( M) 5~ O. There 
exists a constant E > O, depending on n only and a positive constant C(n, E) depending on n, E 
and IX (M)I only, such that if g is an Einstein metric (with Einstein constant equal to 4-(n - 1)) 
and IWl ~ ~, thenVol(M,  g) <~ C(n, ~). 
Proof. We demonstrate he proof for dimension six first. For n = 6, the Gauss-Bonnet formula 
for Einstein manifolds has the form [18] 
1 f 1S3 oDabcdD u VD x(M)  -- {~ SIRI 2 ~oca ,,v - -  - - +2R R,b Rca,,v}dVg, ol~ tXa c l~bvdu 
3847r 2 JM 
where (M, g) is an Einstein manifold. A direct computation using 
Ri jk l  -~- Wi jk l  q- (g i lg jk  --  g ikg j l )  (2.5) 
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shows that 
Therefore 
IRI a : IWI 2 +2n(n-  1), 
eabcd o u v o ",, c --boa,, = w~bcaWauJWbod, + 31WI 2 3n(n -- 1), 
Rabcdo uoo uzabcduz ,,vuz 61WI 2 4n(n 1). ~Xab ~tcduv ~ re Vrab Vrcduv -- --  --  
x(M)= 384zr-------- ~ {1S3- -2"6"5"S+16n(n-1) -6 JWI2  (2.6) 
--  8 W abcd WaUc v Wbvdu 71- 2 W abca Wab uv Wcduv } d Vg. 
There exist positive constants C1, C2 and Ca which can he explicitly chosen, such that 
1 
fM  {C1 -- C2[W12 -- C3[Wl3} dVg Ix(M)I /> 384zr-------- ~ 
If ] W I <~ • and if we choose e small (which can be explicitly computed out), then Vol (M, g) ~< 
C'(n, E)Tr21x(M)I, where C'(n, •) is a positive constant hat depends on n and • only (in this 
case n = 6). For higher dimensions, we have 
cnx(M)  = ~ ,~e. r~e.Z e(tx).~(z)Rtr(l)a(2)roa(1)roa(2,'"Ro(n-I)a(n,roa(n-l)roa(n)dVg, 
where c. is a dimension constant, e .  is the set of all permutations on {1, 2 . . . . .  n} and 
e(z) is the sign of r e e..  Expressing everything in terms of W by using (2.5), we have 
c. IX (M)[ /> fM (Co - C11WI - C2I W 12 . . . . .  C./21W I"/z) d Vg, for some positive constants 
Co, Ca, C2 . . . .  , C,,/2 that depend on n only, and they can be explicitly computed out. The con- 
stant Co can be explicitly computed out in a compact hyperbolic n-manifold or the n-sphere and 
is non-zero. If IWI ~< e and • is small, then we have C"(n, •) Ix(M) I  >/ Vol (M, g), where 
C"(n, •) is a positive constant hat depends on n and •. The result holds for any Einstein metric 
g with Ricij = -t-(n --  1)g i j .  [-] 
Remark.  A result of Gromov and Thurston states that if (M, g) is a compact Riemannian 
manifold with sectional curvature bounded from above by -b  2 and below by -k  2 for some 
constants k ~> b > 0, then the volume of (M, g) is bounded from above by a constant hat 
depends on b and the Gromov's norm of the fundamental c ass of M only [10]. The above results 
are aiming to obtain similar upper bounds on volumes with assumptions on the Ricci curvature only. 
In higher dimensions, it could be interesting to see if there is any uniform upper bound on volumes 
of a metric g on M with nonpositive sectional curvature and with -k2gij <. Ricij ~< -b2gi j  for 
a fixed constant b > 0. 
Proposition 2.7. For any even integer n >>. 4, let M be a compact n-manifold with X (M)  7 ~ O. 
There exists a constant E' > O, depending on n only and a positive constant C'(n, a 2, C) de- 
pending on n, •' and Ix(M)I only, such that if g is a conformally flat metric with Izl ~< •' and 
S <~ -a  2 (or S >~ aZ)forsome a > O, then Vol (M, g) <~ C'(n, a 2, C). 
Proof. In dimension four, the result follows directly from (2.1). For n = 6, the Gauss-Bonnet 
formula for conformally fiat manifolds takes the form [17, 18] 
1 fM t 2t .~3 27 iRicl2 + 3 - RiCjh)dVg. x(M)  = 384Jr------- ~ ~zoo- -- ~-~S ~Ric i j  RiCih 
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For a conformally flat metric g on an n-manifold with n = 6, W --= 0. We have 
Rijkl = Zijkt q- Uijkl. 
A direct calculation from (2.2) gives 
S 2 
IRicl 2 = Izl 2 + - -  
n 
and 2S 3 3S 




Thus we have 
x(M)  - 384 2 ( s3 -  Slzl2 + 
Hence there exist positive constants C'I, C'2 and C'3 which can be explicitly chosen, such that 
1 L Ie ,  1 _C,2lzl2 C,3lzl3}dVs" Ix(M)I >/ 384~r------- 7 
If Izl ~< E' and e' is small (which can be explicitly computed out), then Vol (M, g) <~ 
C'(n, a 2, e')rr21x(M)l, where C(n, a 2, C) is a positive constant that depends on n, a 2 and e 
only (in this case n = 6). For higher dimensions, by using (2.8), we express everything in terms 
ofz  0 and S, we obtain cnlx(M)l >/fM (C'0 - C'l Izl - C'2 Izl 2 . . . . .  C',/2 Izl "/2) dVg, for 
some positive dimension constants C'o . . . . .  C' , .  The same argument as in Lemma 2.4 can be 
applied to complete the proof. [] 
Let g be a Riemannian metric on M with nonpositive sectional curvature and let (N, h) be a 
compact manifold of negative sectional curvature, with ~r(M) ----- Jr(N). Suppose that hT/and 
are the universal coverings of M and N, respectively. Let FM and FN be the discrete groups of 
isometrics of M and N corresponding ton'l (M) and rq (N), respectively. As groups, I'm and I'N 
are isomorphic. We have the following. 
(1) If I' C I'M is an almost nilpotent subgroup, then F is an infinite cyclic group. This is 
because very almost nilpotent subgroup of I-'N is infinite cyclic [9]. 
(2) There exists a constant/z > 0, depending on n only, such that for any x ~ hT/, the subgroup 
1-'u(x) = (y 6 I'M I dr(x) </z)  is infinite cyclic. Here dv(x ) is the distance in M between the 
points x and y (x). This follows from the Margulis lemma [2] and (1) above. 
Let/z be as in (2) and let {Y1 . . . . .  Yi . . . .  } C I-'M be conjugacy classes of isometries corre- 
sponding to all simply closed geodesics in (M, g) with length small than/z/4. Let I'i C I'M be 
the group generated by Yi. Denote 
ai = [x ~ M min dv(x) <~ l~], 
t yEFi\e I 
where e is the identity element in I'M. The same argument as in the proofs of [9, 3.4 and 3.5] 
shows that for i ~ j and any y ~ I'M, we have Ai fq yAj  = 0 and Ai A yAt =fi 0 if and only 
if y ~ I'i. Hence the projection Ai/I ' i  --~ M is injective and we denote Ti = Ai/I ' i .  Therefore 
T/fq Tj = ~ if i 5~ j .  The same argument in [9] shows that he diameter of (M, g) can be bounded 
by a constant depending on Vol(M, g) and n only (see also [8]). Combining with Lemma 2.3 and 
Lemma 2.4 we have the following. 
188 M.C. Leung 
Lemma 2.10. Let ( N, h) be a compact 4-dimensional manifoM of negative sectional curvature. 
Let M be a compact 4-dimensional manifold with ~rl ( M) -~ zq ( N). Suppose that g is a Riemann- 
ian metric on M with nonpositive sectional curvature and the Ricci curvature of g is bounded 
between -xa  2 and -a2  for a constant a > 0 and K as in Lemma 2.3. Then the diameter of(M,  g) 
is bounded from above by a constant independent ofg. 
Lemma 2.11. For any even integer n >1 4, let (N, h) be a compact hyperbolic n-manifold and 
let M be a compact n-manifold with zq (M) ~- Jr1 (N). Suppose that g is an Einstein metric on 
M (i.e., Ricij : - (n  - 1)gij) with nonpositive sectional curvature and I Wl ~< E, where E is the 
same constant as in Lemma 2.4, then the diameter of(M,  g) is bounded from above by a constant 
that is independent ofg. 
3. Proof of Theorem 1, 2 and 3 
We start with the proof of Theorem 1. Let (N, h) be a compact 4-manifold of negative sectional 
curvature and let (M, g) be a compact Einstein 4-manifold with Ric(g) = -3g .  Suppose that the 
sectional curvature of (M, g) is nonpositive and :rl (M) -- zrl (N). Einstein manifolds are known 
to be real analytic [4]. That is, a coordinate atlas can be found so that the transition functions are 
real analytic and that the metric is analytic in such coordinate charts. The sectional curvature is 
bounded for any Einstein metric g of nonpositive curvature, because the Ricci curvature isbounded 
from below. As zq (M) ~- zrl (N) and (N, h) has no Euclidean de Rham factors, (M, g) does not 
have any Euclidean de Rham factor. A generalization of the Margulis-Heintze theorem to real 
analytic manifolds by Gromov [2] shows that Vol (M, g) /> V0 > 0, where Vo is a constant that 
is independent of g. By Lemma 2.10, the diameter of (M, g) is uniformly bounded from above. 
Hence the set of all compact Einstein manifolds of nonpositive curvature with fundamental groups 
isomorphic to that of N is compact in the Hausdorff distance. 
Suppose that this set is not finite up to isometrics. Let (Mk, gk) be a sequence of Einstein mani- 
folds in the set such that none of them is isometric to one another. By a compactness theorem of Gro- 
mov, one may assume without lost of generality that he sequence Mk = M and that {gk } converges 
in C l'~-norm to a C l.~_metric g', for some c~ > 0. Since {gl . . . . .  gk . . . .  } are Einstein metrics, one 
concludes that the convergence is in fact under the C~-norm and that g' is a smooth Einstein met- 
ric with nonpositive sectional curvature. Hence there exists a sequence of Einstein metrics, none 
of them is isometric to any other, converging to an Einstein metric on the compact manifold M. 
Assume that (M, gg) has negative sectional curvature on at least one point. We want to show 
that (M, gk) is rigid in the Einstein structure. To this end we need to show that (M, gk) has 
no infinitesimal Einstein deformation [4]. We first recall some definitions. Let r/be a trace free 
symmetric 2-tensor on M. As gk is an Einstein metric, the symmetric 2-tensor R ° defined by 
4 
e°(rl)(v, w) = y~ Eirl(R(v, ei)to, ei) 
i=1 
is also trace free [4]. Here R is the curvature tensor ofgk, and {el ..... e4} is an orthonormal basis for 
Tp(M) and v, w ~ Tp(M), for some point p 6 M. Let So 2be the space of all trace free symmetric 
2-tensors on TI,(M ) and denote at, = sup {(R°r/, rl)/lrll z I q 6 So2} •Suppose that there exists 
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r/ ~ So 2 such that R°~7 = aprl. By a suitable choice of basis, we may assume that 0 is diagonal 
with entries 3.1 . . . . .  3.4 such that 3.1 = supl\<i~< n 13.il and ~4=1 3.1 = 0. It follows as in [4] that 
ap3.1 = aprlll : (R°r/)ll = ~ Riljlrlij :- ~ Rilil3.i 
i,k i¢l 
= Kmax E3 . i -  E (gmax - Rilil)3.i 
i~l i~l 
--3.1Km~ + 3 .1E(Km~ - Rilil) 
i¢1 
= (2Kmax - ls)3.1, 
(3.1) 
where Kmax is the maximun sectional curvature at p and s is the scalar curvature at p. In the 
present situation, s = -4 (4  - 1) = - 12. Therefore ae ~< 3. By a result of Koiso [13] (see also 
[4]), if (M, g) has infinitesimal Einstein deformation, then 
ao =sup{ fM(R°h'h}dVg } 
ilhl12 2 h ~ C°°(S2M) i> 3, (3.2) 
where C~(S~M) are smooth sections m the bundle of trace free symmetric 2-tensors over M. 
If (M, g) has a nontrivial infinitesimal Einstein deformation h ~ C°°(SgM), then (3.2) gives 
fM( R°h, h) dVg >1 3 fM Ihl 2 dVg. But we have shown that (R°hp, hp) <<. ap Ihpl 2 <~ 3 Ihpl 2 
for any p ~ M, where h e is the restriction of h at the point p. Hence we have 3 <<. ao <. a t, <. 3, 
i.e., ao = ap = 3 or Ihp[ 2 = 0. Tracing back the inequalities in (3.1) we have Kmax = 0 at p 
or Ihpl 2 = 0 for any point p with Kmax < 0. As the sectional curvature of (M, gk) is negative 
at a point, the sectional curvature is negative in an open neighborhood of that point. Therefore h
vanishes on that neighborhood. Because h is an infinitesimal Einstein deformation, it satisfies an 
analytic elliptic differential equation [4]. In particular, h has the unique continuation property. This 
forces h --= 0 on M, which contradicts that h is a nontrivial infinitesimal Einstein deformation. 
We note that, however, the limit (M, g') may have Kmax = 0 at all points. 
Since (M, gk) is not isometric to any other in the sequence, it represents a distinct point in the 
moduli space of Einstein metrics on M. Let [gk] be the point in the moduli space represented bygk. 
Then the sequence { [gg] } converges to [g']. The module space is locally path connected [4]. Hence 
there exists [gk] ~k [g'] such that [gk] can be joined by a continuous path to [g'] in the moduli 
space. But this contradicts that [gk] is an isolated point. This concludes the proof of Theorem 1. 
The proofs of Theorem 2 and 3 follow in a similar way. Let (N, h) be an even-dimensional 
compact hyperbolic manifold. For any compact Einstein manifold (M, g) of the same dimension. 
Suppose that the sectional curvature of (M, g) is nonpositive and 7/ 1(M) ~- 7rl (N). Choose 
E > 0 as in Lemma 2.4. Since zq (M) -- Zrl (N), M is in fact homotopically equivalent to N. 
Therefore X (M) = X (N) --/: 0. Then by Lemma 2.11, there exists a positive constant C(n, ~) 
such that Vol (M, g) <~ C(n, E) whenever the Weyl tensor of g satisfies IWl ~< E. Let (M~, gg) 
be a sequence of even dimensional compact Einstein manifolds of nonpositive sectional curva- 
ture such that IW(gk)l ~< 1/k, 7rl(Mk) -~ 7rl(N) and Ric(gk) ----- --(n -- 1)gk. Assume that 
none of them is hyperbolic. As above, by a generalization f a theorem of Margulis-Heintze [2], 
Vol (Mk, gk) /> Vo > 0 for some positive constant V0. The volume of (Mk, gk) is bounded uni- 
formly from above for all k. By Lemma (2.11), there is a uniform upper bound on the diameter of 
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(M, gk)- The sectional curvature is uniformly bounded from above and below. By a compactness 
theorem of Gromov, one may assume without loss of generality that the sequence Mt ---- M and 
that (Mk, gk) converges in C°°-norm to a compact Riemannian manifold (M, g) and the conver- 
gence is under the Coo-norm, so g is a smooth Einstein metric with I W (g) I ---- 0. Hence there exists 
a sequence of Einstein metrics, none of them is hyperbolic, that converges to a hyperbolic metric 
on the compact manifold M. This contradicts that the hyperbolic metric is locally rigid [ 13, 4]. 
To prove Theorem 3, let (N, h) be a compact hyperbolic n-manifold, n >~ 3. Assume that for 
each integer k > 0, there exists a compact Einstein n-manifold (Mk, gk) of nonpositive sectional 
curvature such that Ric(gk) = --(n -- l)gt, zrl (Mk) ----- 7rl (N) and Vol (Mk, gk) <~ Vol (N, h) + 
1/k. Suppose that none of the (Mk, gk) is hyperbolic. Using the same argument as above, as now 
Wol (M~, gk) is uniformly bounded from above, we may assume that the sequence {(Mk, gk)} 
converges in the C°°-norm to a compact Einstein metric (M, g). Without loss of generality, 
one may assume that Mk is diffeomorphic to M for all k. (M, g) has nonpositive sectional 
curvature, with Ricci curvature satisfying Ric (g) = - (n -  1)g. Furthermore zrl (M) ~ rrl (N) and 
Vol (M, g) <~ Vol (N, h). Let f : M ~ N be a homotopy equivalence between M and N; f is of 
degree one. A result on minimal volume in [5, 6] shows that Vol (M, g) >~ Vol (N, h) with equality 
holds if and only if the manifolds are isometric. Therefore we have (M, g) is isometric to (N, h). 
Then there xists a sequence ofEinstein metrics gk defined on M, none of them is hyperbolic, which 
converges to a hyperbolic metric g on M. This contradicts hat he hyperbolic metric is locally rigid. 
Remark. In dimension six, we can get an estimate of the value E in Theorem 2. Let (M, g) be an 
Einstein metric such that Ric(g) = -5g.  Suppose that (N, h) is a compact hyperbolic 6-manifold 
with Zrl (N) "2_ Jrl (M). From the proof of Lemma 2.3, we have 
1 f C!$3 - 76S) dVh - 1 (-~S 3 - 76S) Vol (N, h), 
x(N) -- 384zr2 jN,, 9 384~r-------- ~ 
because the Weyl tensor vanishes for a hyperbolic metric. Here S = -6 .5  ----- -30.  For M, (2.6) 
gives 
1 fM 3 x(M)  ~< 384zr--------- ~ {uS -76S-61W12+ lO'661W13}dVg. 
The scalar curvature of (M, g) is the same as that of (N, h). We have 
1 
384zr2 ({S 3 - 76S) Vol (N, h) = x(N)  = x(M) 
1 fM(6_lO.661WI) IWI2dVg" 1 ¢!~3 _ 76S) Vol (M, g) 384 zr 2 3847r2,9~ 
As -~S 3 - 76S < 0, if we assume IWI <~ (10 • 65) -1, then Vol (N, h) ~> Vol (M, g). A mini- 
mal volume theorem in [5,6] shows that (M, g) is isometric to (N, h) if (M, g) has nonpositive 
sectional curvature. We will discuss the cases for higher dimensions in future. 
4. Isospectral set of hyperbolic manifolds 
Let (N, h) be a compact Einstein 4-manifold of negative sectional curvature and let (M, g) be 
a compact conformally flat 4-manifold which is isospectral to (N, h). Suppose that M is homo- 
topically equivalent to N. Let So and Rico be the scalar curvature and Ricci curvature tensor of 
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S and Ric be the scalar curvature and Ricci curvature tensor of (M, g), respectively. 
From (4.4) and (4.5) we have 
2 \1/2 ,So, f. .v.) 
2 \ 1/2 :(f .v.) ( [So[2 .Vo l (N ,h) )  1/2 
2 ,1/2 dVh) 
= (f.,=, .v.) (f.,=o,. '" 
That is (fN ISol2 dVh) '/2 ~ (fM ISIZ dVg) '/2 , or 
fN IS°12 dVh <<. ~ ISI z dVg. (4.6) 
As M is homotopically equivalent to N, we have x(M) = x(N) .  So (4.3) and (4.6) gives 
L lRicl2 dVg <<, fu lRicol2 dVh. 
1 1 As (cf. (2.9)) IRicl 2 -- Izl 2 + ¼1512 and IRicol 2 = ~lS0l 2, where zij = R ic i j  - "~Sgij, we obtain 
L lzl2 dVg + ~ lSl2 dVg <<, fN lSol2 dVh. 
From (4.6) we obtain fM Izl 2 dVg = 0. Hence (M, g) is an Einstein manifold with W(g) -- O. 
From (4.1) and (4.2) we have S = So. Scaling back we have Ricij = -3gij. As Vol (M, g) 
= Vol (N, h) and M is homotopically equivalent to N, (M, g ) i s  isometric to the (N, h) by a 
principal theorem in [5, 6]. 
(4.5) 
(N, h) and 
It is known [7] that 
Vol (N, h) = Vol (M, g); (4.1) 
fN SodVh = L S dVg; (4.2) 
fN(6 IRicol2 + 3lSo[2)dVh +647rZx(N)= ~(6 IRicl2+ 31SI2)dVg +64~r2x (M). 
(4.3) 
(4.1) and (4.2) hold for all dimensions while (4.3) is valid in dimension four only. Assuming (4.1), 
(4.2) and (4.3), we will show that (M, g) is isometric to (N, h). After scaling on both g and h by 
a positive constant, we may assume that Vol (N, h) = Vol (M, g) = 1. From (4.2) we have 
fuSodVh = L sdv. 
2 ,1/2 (f. lSl2dVg ) SM iSidVg ~ (iM IS' dVg) (i. ldVg) 112: w, /'112' (4.4) 
as Vol (M,  g) = I. Since So is a constant, we  have 
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Remark. In dimension three, (4.1) and (4.2) remain the same and (4.3) is replaced by 
fN(6 IRic012 + 3 ISol 2) dVh = fM(6 IRicl 2 + 3 ISI 2) (4.Y) dVg 
in dimension three. The same argument as above shows that if (N, h) is a compact hyperbolic 
3-manifold and (M, g) is a compact Riemannian 3-manifold and suppose that (N, h) is isospec- 
tral and homotopically equivalent to (M, g), then in fact (M, g) is Einstein and hence having 
constant sectional curvature. Mostow rigidity theorem implies that (M, g) is isometric to (N, h). 
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